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Abstract 

We study isomonodromicity of systems of parameterized linear differential equations and related conju- 
gacy properties of linear differential algebraic groups by means of differential categories. We prove that 
isomonodromicity is equivalent to isomonodromicity with respect to each parameter separately under a 
filtered-linearly closed assumption on the field of functions of parameters. This result cannot be further 
^ . strengthened by weakening the requirement on the parameters as we show by giving a counterexam- 

pie. Also, we show that isomonodromicity is equivalent to conjugacy to constants of the associated 
parameterized differential Galois group, extending a result of P. Cassidy and M. Singer, which we also 
prove categorically. We illustrate our main results by a series of examples, using, in particular, a relation 
between Gauss-Manin connection and parameterized differential Galois groups. 

1. Introduction 

A system of parameterized linear differential equations is a system of linear differential equations whose coeffi- 
cients are functions of principal variables xi, . . . , a;„ and parameters ti, . . . ,td and derivations only with respect to 
xi, . . . ,Xn appear in the system. We say that such a system is isomonodromic if it can be extended to a consistent 
system of linear differential equations with derivations with respect to all of xi, . . . , x^, ^i, • • • , id- That is, one 
requires that the extended system satisfies all integrability conditions with respect to the principal and paramet- 
ric variables. In this paper, we study such isomonodromic systems via the parameterized Picard-Vessiot (PPV) 
theory [5] and differential Tannakian categories [15, 37, 38, 23, 22, 2]. 

To verify isomonodromicity of a system of parameterized linear differential equations, say, with one principal 
variable x and d parameters ti,. . . ,t(i explicitly means to find d extra matrices that satisfy C^^^) integrability 
conditions [5, Definition 3.8]. We improve this by showing that it is enough to find matrices that satisfy only d 
integrability conditions for pairs of derivations {dx , 9* . ) under a filtered-linearly closed assumption (Definition 3.7) 
on the field of functions of parameters (Theorem 6.3 and Remark 6.4). Namely, the existence of the latter matrices 
implies the existence of (possibly, different) matrices that satisfy all ('^^^) integrability conditions. This result is 
non-trivial not only because of the method of proof (which uses differential categories [15] and CDG-algebras [39]) 
but also because it is counterintuitive. The initial explicit steps for this result restricted to 2 x 2 systems with the 
parameterized differential Galois group Zariski dense in SL2 can be found in [13, Proposition 4.4] (see also [47, 
Theorem 1.3, Chapter 2]). Note that the condition on the field to be filtered-linearly closed is, indeed, necessary as 
is shown in Example 6.7. This example is based on iterated integrals. 

A similar but more specialized question was treated in [19, 20] for the case of rational functions in the principal 
variable. Using analytic methods, it is shown that, for d extra matrices of a certain special type, d integrability 
conditions imply all ("'^^) integrabiUty conditions for the same matrices. Additionally, it is proved in [19, 20] that, 
if the differential equation is isomonodromic (when restricted only to rational functions in the principal variable), 
then one can choose extra matrices of the special type discussed above (for more details, see Section 6.2). 

Given a system of parameterized linear- differential equations, the PPV theory associates a parameterized dif- 
ferential Galois group, which can be represented by groups of invertible matrices whose entries are in the field of 
constants, that is, the field of functions of the parameters ti, . . . ,1^. Moreover, these groups are linear differential 
algebraic groups (LDAGs), that is, groups of matrices satisfying a system of polynomial differential equations with 
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respect of the parametric derivations [3, 4, 25, 36, 38]. Using descent for connections (Lemma 3.1 1), we prove in 
Theorem 6.6 that, under the filtered-hnearly closed assumption on the field of constants, a system of parameterized 
linear differential equations is isomonodromic (Definition 6. 1) if and only if its Galois group is conjugate (possibly, 
over an extension field of the field of constants) to a group of matrices whose entries are constant functions in the 
parameters. This extends the corresponding result in [5], which required the field of constants to be differentially 
closed. Recall that a differential field is differentially closed if it contains solutions of all consistent systems of 
polynomial differential equations with coefficients in the field. Note that, even in the case of a differentially closed 
field of constants, our proof, based on differential Tannakian categories, is different from the one given in [5]. 

We construct examples showing that, in general, one really needs to take an extension of the field of constants to 
obtain the above conjugacy (Examples 6.8 and 6.9). The construction of the examples uses an expUcit description of 
Galois groups for PPV extensions defined by integrals (Propositions 5.2 and 5.4), which seems to have interest in its 
own right. Namely, we interpret such differential Galois groups in terms of Gauss-Manin connections (Section 5). 
More concretely, the examples involve the incomplete Gamma-function and the Legendre family of elliptic curves. 
Note that the relation between the PPV theory and Gauss-Manin connection was also elaborated in [46]. 

Recall that the Galois groups in the PPV theory are LDAGs. As noted above, isomonodromicity corresponds 
to conjugation to constants for LDAGs. In this way, our Theorem 4.4 corresponds to Theorem 6.3 and says that if 
a LDAG is conjugate to groups of matrices whose entries are constants with respect to each derivation separately, 
then there is a common conjugation matrix, under the filtered-linearly and linearly closed assumption on the differ- 
ential field. This matrix may have entries in a Picard-Vessiot extension of the base field. We construct an example 
showing that, in general, one needs to take a Picard-Vessiot extension (Example 4.9). 

As an application, we obtain a generalization of [33, Theorem 3. 14], which characterizes semisimple categories 
of representations of LDAGs in the case when the ground field is differentially closed and has only one derivation. 
In Theorem 4.6, we improve this result by showing a more general statement without these inconvenient restrictions 
to differentially closed fields and the case of just one derivation. 

Our method is based on the new notion of differential objects in differential categories (Definition 3.1). We 
prove that there is a differential structure on an object X in a differential category over a differential field {k, Dk) 
if and only if there is a differential structure on X with respect to any derivation d G Dk, provided that (fc, D^) 
is filtered-linearly closed (Proposition 3.10). This result is applied to both isomonodromic differential equations 
and LDAGs. We show in Example 4.7 that this result is not true over an arbitrary differential field already for 
the category of representations of a LDAG over ti). The example uses the Heisenberg group. Note that the 
application to isomonodromic differential equations requires that we work with arbitrary differential categories, 
not just with differential Tannakian categories or categories of representations of LDAGs (see also the discussion 
at the end of Section 2). 

In [26], Landesman initiated the parameterized differential Galois theory in a more general setting based on 
Kolchin's axiomatic development of the differential algebraic group theory [25]. Galois theories in which Galois 
groups are LDAGs also appear in [16, 17, 18, 1 1, 10, 12, 51, 50] with the initial algorithm given in [13] and analytic 
aspects studied in [34, 35]. The representation theory for LDAGs was also developed in [36, 32], and the relations 
with factoring partial differential equations was discussed in [6]. Analytic aspects of isomonodromic differential 
equations were studied by many authors, let us mention [19, 20, 30, 31]. See also a survey [41] of Bolibrukh's 
results on isomonodromicity and the references given there. 

The paper is organized as follows. We start by recalling the basic definitions and properties of differential alge- 
braic groups, differential Tannakian categories, and the PPV theory in Section 2. Most of our notation is introduced 
in this section. The following section contains our main technical tools. Proposition 3.10 and Proposition 3.12. 
Section 4 deals with conjugating linear differential algebraic groups to constants over not necessarily differentially 
closed fields. The results from Section 5, where we also establish a relation with Gauss-Manin connection, are 
used in order to constiuct non-trivial examples to Theorem 6.6. In Section 6, we show our main results on isomon- 
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odromic systems of parameterized linear differential equations as well as illustrate them with examples justifying 
the necessity of the hypotheses in our main result. Also, we give an analytic interpretation of our results including 
the reasons that support of the conclusion of the above example. 

The authors thank P. Cassidy, L. Di Vizio, A. Its, B. Malgrange, A. Minchenko, O. Mokhov, T. Scanlon, 
M. Singer, and D. Trushin for very helpful conversations and comments. We are also very grateful to the referee 
for the suggestions. 

2. Notation and preliminaries 

Most of the notation and notions that we use are taken from [15]. All rings are assumed to be commutative and 
having a unit. 

In the paper, {k, DfS) stays for a differential field of zero characteristic, that is, /c is a field and is a finite- 
dimensional fe-vector space with a Lie bracket and a A;-lineai- map of Lie rings 

Dk Der(fc, k) 

that satisfies a compatibility condition (see [15, Definition 3.1]). For example, if di,. . . ,dn denote commuting 
derivations from k to itself (possibly, some of them ai^e zero), then (fc, Dk) with 

Dk := k ■ di ® . . . ® k ■ dn 

is a differential field. Let Dk in the superscript denote taking -constants, that is, the elements annihilated by all 
d e Dk.Pntko := k^''. Put Qk ■= D'^.We have the de Rham complex 

> nl nl nl ... , 

where O^. := A^O^, i ^ 1, and we put := k (see [15, Remark 3.4]). Note that d is A;o-linear and d o d = 0. 

Denote the category of sets by Sets. Denote the category of fc- vector spaces by Vect(A;). Denote the category 
of fc-algebras by Alg{k). Denote the category of D^-modules over k by D]VIod(fc, Dk) (see [15, Definition 3.19]). 
Denote the category of D^-algebras over k by DAlg(A;, Dk) (see [15, Definition 3.12]). Denote the ring of Dk- 
polynomials in differential indeterminates yi , . . . , y„ by 

k{yi, . . .,yn}- 

We say that a (possibly, infinite-dimensional) -module M is trivial if the multiplication map 

k (S)ko M^fe M 

is an isomorphism (by [40, Lemma 1.7], this map is always injective). 

We say that a differential field {k, Dk) is linearly Dk-closed if (/c, Dk) has no non-trivial Picard-Vessiot ex- 
tensions, that is, all finite-dimensional D^-modules over k we. trivial (see also [29, 43, 42], [28, Section 3], [25, 
Section 0.5] for the existence and use of such fields, and [1] for analogues for difference fields). One can also 
iteratively apply [44, Embedding Theorem] to reahze such fields (if they are countable) as germs of meromorphic 
functions in (Xmik{Dk) variables. 

A functor X : DAlg(A;, Dk) Sets is corepresented by a L'fc-algebra A if there is a functorial isomorphism 

X{R) ^ HomD,{A,R) 

for any Dk-a\gehra. R. A linear Dj. -group is a group-valued functor on Y)Alg{k, Dk) that is corepresented by a 
Dfc -finitely generated D^-Hopf algebra. Given a (pro-)linear D^-group, denote the category of finite-dimensional 
representations of G as a (pro-)algebraic group over k by Rep(G). 

Given a functor X : Alg(A;) Sets, one traditionally denotes also its composition with the forgetful func- 
tor Y)Alg{k, Dk) — )• Alg(A;) by X. If X is corepresentable on Alg{k), then X is also corepresentable on 
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DAlg(A;, Dfc). In other words, the forgetful functor T)Alg{k, D^) Alg(A;) has a left adjoint (for example, 
see [14, Section 1.2]), which is usually called a prolongation. In paiticulai\ we have a corepresentable functor 

A" : ^ i?®", 

where i? is a Dfc-algebra. Also, given a finite-dimensional A;-vector space V, we have a linear- D^-group 

GL{V) : AutR{R®k V). 

Given a functor Y : Alg(A;o) — > Sets, let denote its composition with the functor of D^. -invariants 

DAlg(A;, Dk) ^ Alg(A;o), R'^K 

We say that functors of type are constant. If Y is corepresented by a fco-^lgebra B, then Y^ is corepresented by 

k <^ko B (1) 

with the natural D^-structure, where acts by zero on B. Denote the latter D^-algebra by B'^ and also call 
it constant. If is a linear- algebraic group, then is a constant linear Z)fc-group. In particular, we have a 
corepresentable functor 

(A")" -.R^ {R^^)®"", 

where i? is a D^-algebra. Also, given a finite-dimensional fco-vector space Vq, we have the linear D^-group 

It follows that there is a morphism of linear D^-groups GL(Vb)'^ — > GIj{V), where V := k (E)ko Vq. 

Note that a D^-algebra A is constant if and only if A is trivial as a Z?fc-module. A -finitely generated D^- 
algebra A is constant if and only if there is an isomorphism of D^-algebras 

A^k{yi,...,yn}/I, 

where / C k{yi, . . . , y„} is a D^-ideal such that, for all d G and i, 1 ^ i ^ n, the differential polynomial dyi 
is in /. 

For a more explicit description of constant algebras, consider a functor 

X : BAlg{k,Dk) Sets 

corepresented by a reduced D^-finitely generated D^-algebra. Then, by the differential NuUstellensatz (see [24, 
Theorem IV.2. 1]), X is constant if and only if there is a Kolchin closed embedding X C A" over {k,Dk) such 
that, for a -closed field U over k (equivalently, for any U as above), we have 

that is, all points in X C A" have constant coordinates. 

Given a L>fc -object X over k (e.g., a -module, a D^-algebra, a linear Djt -group) and a -field I over k, let 
Xi denote the D;-object over I obtained by the extension of scalars from {k, Dk) to Di), where Di := I (8)^ D^. 

One finds the definition of a parameterized differential field in [15, Section 3.3]. Recall that, for a parameterized 
differential field {K, Dk) over {k, D^), one has a K-linear map 

Dk ^ K®k Dk, 

called a structure map. This defines a differential field (K, DK/k), where DK/k is kernel of the structure map. 
Also, one has K^'^/'' = k. For example, if 

k = C{t), K = C{t,x), Dk = k-dt, and Dk = K ■ ® K ■ dt, 

then {K, Dk) is a pai^ameterized differential field over (A;, Dk) with DK/k = K ■ dx- 
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Given a finite-dimensional D^/^-module N over K, one has the notion of a parameterized Picard-Vessiot 
(PPV) extension L for A^, where L is a Dj^-field over K. This was first defined in [5] (see also [15, Definition 
3.27] for the present approach to pai^ameterized differential fields). If k is D^-closed, then a PPV extension exists 
for any N as above (see [5, Theorem 3.5(1)]). Given a PPV extension L, one shows that the group- valued functor 

Gal^'" {L/K) : DAlg(A;, Dk) Sets, R ^ Aut^^ {R ®k A/R ®k K) 

is a linear -group (see [15, Lemma 8.2]), which is called the parameterized differential Galois group of L over 
K, where A is the PPV ring associated to L (see [15, Definition 3.28]). 

The main notion defined in [15] is that of a differential category. A Z);,. -category C over k is an abelian fc-linear 
tensor category together with exact fc-linear endofunctors At^ and At^, called Atiyah functors, that satisfy a list of 
axioms (see [15, Sections 4.2,4.3]). In particular, for any object X in C, there is a functorial exact sequence 

> ^k^kX > At^(A) X > 0, 

where, as above, 0,^ = > and a functorial embedding 

At2(A)cAt^ (At^(A)). 

We have the equality 

Sym^ nk^kX = AtliX) n [Qk ^k ^k X) c At^ (At^(A)) , (2) 

and both compositions 

At^(A) > Aih (At^(A)) At^(A), (3) 

AtliX) > At^(Ati(A)) At^A) (4) 

are surjective (see [15, Lemma 4.14,Proposition 4.18]). For example, Vect(fc) has a canonical D^-structure given 
by the usual Atiyah extension (see [15, Example 4.7]). This induces a canonical D^-structure on Rep(G) for a 
(pro-) linear D^-group (see [15, Example 4.8]). Another important example is the category 

of Dx/fc-niodules over K, where {K, Dk) is a parameterized differential field over {k, Dk). The category DMod(K, D^/k) 
is /c-linear and has a canonical D^-structure (see [15, Theorem 5.1]). In [15, Section 4.4], the authors investigate 
differential Tannakian categories. Any neutral D^-Tannakian category with a D^-fiber functor is equivalent to 
Rep(G) with the forgetful functor, where G is a (pro-)linear Dy^-group. Note that the category D]VIod(K, D^/k) 
is not necessarily a D^-Tannakian category (even without the requirement of being neutral), because the category 
Vect(A', Dk) does not necessarily have a structure of a D^-category. 

3. L>jt-objects in -categories 

In this section, we define -Dfc-objects in abstract -categories. This notion and its main property given in Proposi- 
tion 3.10 are used in Sections 4 and 6 for applications to linear D^-groups and isomonodromic parameterized linear 
differential equations, respectively. As we will further see in Example 4.7, the filtered-linearly closed assumption 
of the proposition cannot be removed. 

Let C be a -category over k, X be an object in C. The following definition is a variation of [15, Definition 
3.34]. 

Definition 3.1. A Dk-connection on A is a section 

sx-X^ Ail{X) 
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of TTx- A Dfc-connection sx is a Dk-structure if the image of the composition 

X 



^ Ati(X) Ati (Ati(X)) 



is contained in At^(X). A Dk-object in C is an object together with a D^-structure on it. 

Example 3.2. To give a D^-connection on a fc-vector space V as an object in C = Vect(/i;) is the same as to give 
a usual connection on V, that is, a map 

that satisfies the Liebniz rule. A D^-object in Vect(fc) is the same as a D^-module (see [15, Proposition 3.41]). 

Let us give an equivalent condition for the existence of a Z)fc-connection. For any d € D^, the 1?^ -category C 
has a canonical structure of a (9-category by [15, Proposition 4.12(i)]. Explicitly, a calculation shows that, for each 
object X in C, we have 

Atl^giX) = Atl{X)/U, where U := Kei{d ® idx : l^fc (»fc X ^ X) 

and AtJ q is the Atiyah functor that corresponds to the (9-category structure on C. Denote the quotient moiphism 
by 

ao: At^(X)^At^,g(X). 

Since U is contained in 0,^ X, the morphism ttx '■ At^(X) X factors through ag. That is, we obtain a 
morphism 

such that 7^x,d ° otQ = ttx- By definition, a 5-connection on X is a section of TTx,d- 

Proposition 3.3. There is a Dk-connection on X if and only if there is a basis di, . . . ,dd in Dk over k such that 
for any i, there is a di-connection on X. 

Proof. The existence of a -connection on X implies the existence of a 9-connection on X for any d G Dk by 
the explicit construction of At^ q given above. 

Now let us show the reverse implication. The morphisms ag. , 1 ^ i ^ d, defined above give a morphism 

a : Atl{X) Z 

such that IT o a = ttx , where 

Z := At^Q^iX) XX... XX Atlg^iX) ^ X. 
is the fibred product in C. Thus, we have the following commutative diagram: 











Ker(7rx) > At^(X) X 







-> Ker(7r) 



Z 



idx 
X 



-> 



Since di, . . . , dd is a basis of over k, the map 



9, : 0^ 



i=l 



is an isomorphism. It follows that the restriction of a to Ker(7rx) = 'S>k X is an isomorphism 



Ker(7rx) 



®i{9i(X>idx) 



> Ker(7r) = Ker(7rx,9j = © X. 

i=l i=l 
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Thus, a itself is an isomorphism. Hence, given sections Sj of the morphisms -Ki for all i, 1 ^ i ^ d, we obtain a 
section sx of vrx- □ 

In what follows, we address the question whether the existence of a D^-connection on X implies the existence 
of a L'fc-structure on X. It will be convenient to use the following notion first introduced in [39]. Recall that, for a 
graded associative algebra 

% 

the commutator is defined by the formula 

[a,b] :=a-6 - (-l)'^"sWdeg(fe)^.^ 

for homogenous elements a, 6 € A* . 

Definition 3.4. A CDG-structure on a graded associative algebra A' over a field F is a pair (d, h), where 

d:A'^ A'+^ 

is a collection of F-linear maps that satisfy the graded Leibniz rule 

d(a • h) = d(a) • b + (-l)^°s('^)a • d(6) 
for all homogenous elements a,b G A* , and /i G is such that 

(dod)(.) = [/i,-], d(/i)=0. 
Given a CDG-structure (d, h) on A' and an element a E we obtain a new CDG-structure with 

d' = d + [a,-], h' = h + d{a)+a^. (5) 
By definition, the CDG-structures (d, h) and (d', h') are equivalent. 
Example 3.5. 

(i) The pair (d, 0) defines a CDG-structure on the graded associative algebra $7* over Uq, where d denotes the 
differential in the de Rham complex. 

(ii) Let y be a A;-vector space, Vy be a -connection on V. We obtain maps 

Vy : 0fe F ^ ®k y, Vi/(a; <^ v) := duj <^ v + {-lYuJ A Vv{v) 
and a CDG-structure (d, h) on the graded associative algebra ri* (g)^ Endfc(y) over with 

d(a) := (idn,. Aa) o Vy - (-l)*Vy o a, a G ff^ «)fc Endfc(y) = Homfc(y,0*fc 0^ V), 

/i := o € J^fc (g)fc Endfc(y) = Homfc(y, y). 
The condition d(/i) = is classically called the second Bianchi identity. Note that h vanishes if and only if 
the connection Vv is a D^-structure on V . The natural embedding 

given by idy € Endk{V) commutes with d. Thus, the notation d in the CDG-structure on (g)^ Endfc(y) 
does not lead to a contradiction. 

There is a notion of a moiphism between differential fields {k, D^) — )■ {K, Dk), which generalizes D^-fields 
over k (see [15, Definition 3.6]). In particular, we have an injective fc-Unear map ilk — > ^^A'- Given such a mor- 
phism, one defines differential functors from -categories over k to Dx-categories over K (see [15, Defini- 
tion 4.9]). For example, if C is a Tannakian category, then there is a faithful differential functor C — > Vect(K) for 
a Dfe -field K over k. The following result generalizes Example 3.5 (ii). 
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Lemma 3.6. Let sx be a Dj^ -connection on X. Suppose that there is a morphism of differential fields {k, D^) — > 
{K, Dk) and a faithful differential functor F : C ^ Vect(A'). Then the following is true: 

(i) Sx defines a CDG-structure (d, h) on the graded associative algebra fi* (g)^ En.dc{X) over kg; 

(ii) h vanishes if and only if sx is a D^-structure; 

(iii) given a CDG-structure (d', h') on (7* (S)k Endc(X), there is a Dj^-connection on X such that (d', h') 
corresponds to s'-^ if and only if (d', h') is equivalent to (d, h). 

Proof. First let us show (i). The section sx defines a map 

V : Endc(X) ilk '^•k Endc(^), V(a) := sx oa- Atc(a) o sx- 

In other words, V(a) measures non-commutativity of the diagram 

X AtliX) 

At 1(a) 

X At^(X). 

One checks that V is a -connection on the fc-algebra Endc(^). By the (graded) Leibniz rule, this extends 
uniquely to a collection of /cq -linear maps 

d : ni ^k Endc(X) ^ ^k Endc(X). 
Next, let us define h eil-l^k Endc(X). Put 

Y := Ker (At^(vrx) - tt^.i^x) ■ At^ (At^ (X)) ^ At^ (X)^ 
We claim that the image of the composition 

At}.{sx) osx-.X^At}. {AtliX)) 
is contained in Y. To prove this, recall that ttx ° sx = idx- Since At^ is a functor, we have 

At^(7rx) o At^(sx) = idAti{x)> 

whence 

At^(7rx) o At^(sx) osx = sx. (6) 
Since the morphism At},{X) X is functorial in X, the following diagram commutes: 

At^(X) At^At^X)) 
X AtliX). 

Hence, we have 

^Ati(x) ° Atc(sjc) o sx = sx o -n-x o sx = sx- (7) 
Combining (6) and (7), we obtain the following equality of morphisms from X to At^ (At^(X)) : 

Atc(vrx) o Atc(sx) °sx = '^At'-ix) ° Atc(sx) ° sx- 

Thus, the image of At^(sx) ° sx is contained in Y . 

Since F : C ^ Vect(i^) is faithful, we have that AiliX) C Y (see [15, Remark 4.21(iii)]). By the construc- 
tion of y, we have the following exact sequence 

> nk(^k^k^kX > Y Atl{X) > 0. 
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By (2) and (3) (see Section 2), we obtain an isomorphism 

nl®kX ^Y/ A.tl{X). 

Put 

he^l ®k Endc(X) = Homc(X, ^1 ®k X) 

to be the composition 

X ^*'^^"^°^"> Y > Y/Kil{X) nl®kX. 

It remains to show the identities 

dod= [/i,-], d(/i) = 0. (8) 

One can show that if C is the category of vector spaces over a differential field, then d and h constructed 
as above coincide with those defined in Example 3.5 (ii). Further, the constructions of d and h commute with 
differential functors. More explicitly, consider the differential functor F : C ^ Vect(K). The morphism of 
differential fields {k, Dk) — t- {K, Dk) defines a homomoiphism of graded algebras ri" — )• $7^, which commutes 
with the de Rham differential d (see [15, Definition 3.6]). The functor F induces a homomorphism of graded 
algebras 

a:Vtl®k Endc(X) ^ 0^ ®k Endx {F{X)) . 
The connection sx on X defines a D/^ -connection on the K-vector space F{X) such that a commutes with d and 
preserves h. Since F is faithful, a is injective. Thus, we obtain (8) by Example 3.5 (ii) applied to K-vector spaces. 
This finishes the proof of (i). 

Further, (ii) follows from the construction of h. To prove (iii), note that any other D^-connection on X is 
given by 

s'x = SX+ a, (9) 

where 

a G 0^ (g)fc Endc(X) 

is an arbitrary element. We need to show that the corresponding CDG-structure {d',h') on 0* 'S>k Endc(^) 
satisfies (5). As above, by the injectivity of the algebra homomoiphism a, it is enough to consider the case 
C = Yect{K), in which the required follows from Example 3.5(ii). □ 

It follows from Lemma 3.6 that if dimfc(L'fc) = 1 and C satisfies the condition from Lemma 3.6, then any 
Dfc -connection sx on an object X in C is a -Dfc-structure on X. 

One can give a different definition of a Dfc -category so that Lemma 3.6 holds for any D^-category in this new 
sense. Namely, one should require the compatibility condition from [15, Remark 4.2 l(i)] and also the pentagon 
condition for in notation from there. The latter condition involves consideration of the third jet-ring P^. 

Definition 3.7. We say that a differential field {k, Dk) isfiltered-linearly closed if there is a sequence of A;-vector 
subspaces closed under the Lie bracket 

= DoCDiC...C Dd^^ CDd = Dk 

such that for any i, ^ i ^ d — 1, we have 

dinifc (Di+i/D,) = 1 

and k is linearly -closed. 

Note that, in Definition 3.7, we do not require that k be lineai^ly D^-closed, that is, a filtered-linearly closed 
field is not necessaiily linearly closed. 
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Example 3.8. 

(i) If dimfc(Dfc) = 1, then {k, Dk) is filtered-linearly closed. 

(ii) If k is Dfc -closed, then {k,Dk) is filtered-lineai^ly closed. Indeed, since k is D^-closed, the natural map 
Dfc — ^ Der(/c, k) is injective. By [25, p. 12, Proposition 6], there is a commuting basis di,. . . ,dd in Dk over 
k and we put 

Di :=spanfc(5i,...,5i). 
Again, since k is D^-closed, we see that k is linearly -closed. 

Lemma 3.9. Let A be a finite-dimensional associative algebra over k. Suppose that {k, Dk) is filtered-linearly 
closed. Then any CDG-structure on 0* 0^ A is equivalent to a CDG-structure with h = 0. 

Proof. We use induction on d := dimfc(D). The case d = 1 is automatic. Let us make the inductive step from 
d—ltod. Consider the differential fields {k, Di) from Definition 3.7 and put Q,' to be the corresponding de Rham 
complexes. Also, put 

Q, := Ker ($7^ — > ild-i) ■ 

Since Dd-i is a Lie subring in Dd, we have a morphism of differential fields {k,Dd) — > {k,Dd-i) (see [15, 
Definition 3.6]). Thus, we obtain a morphism of graded associative algebras 

which commutes with the de Rham differential d and whose kernel is the ideal generated by Q.. Thus, the ideal 
generated by 17 in $7* is a d-ideal. Further, we have the morphism of graded associative algebras 

n'^®kA^ ®k A, 

whose kernel I' is the graded ideal generated by Q. in (8)^ A. Since d from the CDG-structure on (8)^ A 
satisfies the graded Leibnitz rule and the natural homomorphism 17* — > 0* (gjfc A commutes with d, we deduce 
that /• is also a d-ideal. Consequently, d induces a map d' on the graded associative algebra ri*„x ®k A- It follows 
that this defines a CDG-structure (d', h') on ^d-i A with h' being the image of h under the natural map 

nl ^k A ^ nl^^ 0k A. 

By the inductive hypothesis, we may assume that h' = 0, whence h G where is the second degree part of /*. 
Put y := O (g)fc A. Since dimk{^) = 1, we have that 

r = i ^ 1, and r - r = o. 

Since h E P, we see that the composition d o d = [/i, • ] vanishes on /*. We obtain a (D^-i) -module structure on 
the finite-dimensional /c-vector space V with Vy being the map d : ^ I^. Moreover, the element 

h G 9}d_^ (g)k V 

satisfies Vv{h) = by the second Bianchi identity (see Example 3.5(ii)). 

Since k is Unearly (D^^i) -closed, we see that there is a G F such that Vy(a) = —h, or, equivalently, there is 
a £ with d(a) = —h. Since a ■ a = 0, the CDG-structure (d + [a, •], /i + d(a) + a • a) satisfies the required 
condition. □ 

Combining Lemma 3.6 and Lemma 3.9, we obtain the following result, which is used for applications to linear 
Dfc -groups and isomonodromic pai^ameterized linear differential equations in Sections 4 and 6, respectively. 

Proposition 3.10. Suppose that {k, Dk) is filtered-linearly closed and there is a morphism of differential fields 
{k, Dk) — )• {K, Dk) together with a faithful differential functor C — )■ Vect(/\'). Then there is a Dk-connection on 
an object X in C if and only if there is Dk-structure on X. 
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Below in Example 4.7, we show that Proposition 3.10 is not true over an arbitrary field (fc, D^). The category 
C in this example is Rep(G) for a linear D^-group G. 

Suppose that C is finite, that is, all Hom-spaces in C are finite-dimensional over k and all objects have finite 
length (see [49]). For example, if C satisfies the condition from Lemma 3.6, then it is finite. Let I be a -field 
over k. Recall from [49] that there is an abelian /-linear tensor category I called extension of scalars category, 
together with an exact /c-Unear tensor functor 

For short, put V := I (Sik C and Y := I ®k X. By [15, Proposition 4. 12(i)], there is a canonical D^-structure on V 
with 

At^(y) ^/(g)feAt^(X). 

Besides, D is a (not full) subcategory in the category Ind(C) of ind-objects in C and there is a canonical moiphism 
X — > y in Ind(C). For example, if C = Vect'^(/c) is the category of finite-dimensional /c-vector spaces, then 
V = Vect'^(/) and / (8)^ — is the usual extension of scalars functor. 

Lemma 3.11. In the above notation and assumptions, given a Dk-field I over k, there is a Dk-connection on X 
in C if and only if there is a Di -connection on Y inV. 

Proof. Applying the functor I ®k — > we see that a D^-connection on X leads to a -connection on Y. Conversely, 
assume that there is a -connection sy on Y. Choose a A;-lineai- map X : I ^ k such that the composition 
k — > / k is the identity. Then the composition in the category Ind(C) 

X > Y At^(y) /®fcAt^(X) At^(A:) 

defines a D^-connection on X inC. □ 

In general the -connection on X constructed in the proof of Lemma 3.11 can be not a D^-structure. If 
C = Vect^f (A;), then the connection matrices for X are obtained by applying A to the connection matrices for Y. 
Combining Proposition 3. 10 and Lemma 3. 1 1, we obtain the following result. 

Proposition 3.12. Let I be a Dk-field over k. Suppose that {k,Dk) is Ultered-linearly closed and there is a 
morphism of differential fields {k,Dk) — > {K,Dk) together with a faithful differential functor C — > Vect(K). 
Then there is a Dk-structure on X in C if and only if there is a Di-structure onl ®k X in I d^k C. 

4. Linear differential algebraic groups and conjugation 

In this section, we show how Proposition 3.10 can be applied to linear differential algebraic groups. The main 
results here are in Theorem 4.4 and Theorem 4.6. The behavior of conjugation under extensions of scalars is illus- 
trated in Section 4.2. In particular. Example 4.9 shows that the assumption on the ground field made in Theorem 4.4 
cannot be relaxed. Also, Example 4.7 demonstrates that Proposition 3.10 is not true over an arbitrary differential 
field, and will be further used in Example 6.7 to justify the need in the filtered-lineai4y closed assumption in the 
main result of the paper. Theorem 6.3. 

4.1 Main results 

Let G be a linear D^-group over k and y be a faithful finite-dimensional representation of G. 

Let A be a D^-Hopf algebra over k that corresponds to G. A D^-connection on V as an object in C = Rep(G) 
(see Definition 3. 1) is a D^-connection on y as a /c-vector space such that the coaction map 

V -^-V ^kA 
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is a morphism of A;-vector spaces with -connections. Equivalently, for any D^-algebra R, the action of the group 
G{R) on R V commutes with the L'fc-connection. 

A Dfc -connection on V in Rep(G) is a D^-structure if and only if F is a -Dfc-module. In this case, we also say 
that y is a Df^-representation of G. 

Definition 4. 1. We say that G is conjugate to a constant subgroup in GL{V) if there is a A;o-vector space Vq and 
an isomorphism k Vq = V of A;-vector spaces such that there is an embedding in GL{V): 

G C GL(Vo)' 

(see Section 2 for the definition of GL(Vo)'^). 

Note that if G is conjugate to a constant subgroup in GL{V), then G is constant: there is an algebraic subgroup 
Go C GL(Vb) such that the isomorphism 



induces the equality G = (Gq)^ in GL{V). We say that G is conjugate to a reductive constant subgroup in GL{V) 
if Go is reductive. 

For an explicit description of Definition 4.1, choose a basis in V over k. Then GL(y) = GL„(/c) for some 7i. 
By the differential Nullstellensatz (see [24, Theorem IV.2.1]), G is conjugate to a constant subgroup in GL{V) if 
and only of there is an element g € GL„(A;) such that, for a -closed field U over k (equivalently, for any U as 
above), we have 



and let F be a faithful representation of G given by the faithful upper-triangular two-dimensional representation 
of Ga. Then 



is constant, because df{l) = df{t) = 0. On the other hand, G is not conjugate to a constant subgroup in GL{V), 
because there are no faithful two-dimensional representations of the linear algebraic group over /cq. This shows 
that a constant Unear D^-group is not necessarily conjugate to a constant subgroup in GL{V) for a faithful repre- 
sentation V of G. 

The following result is also proved in [36, Corollary 1] but only for the case of a differentially closed field with 
one derivation. 

Proposition 4.3. The Dk-gwup G is conjugate to a constant subgroup in GL(y) if and only if there is a D^- 
structure on V in Rep(G) such that V is a trivial Dk-module. 

Proof. If G is conjugate to a constant subgroup, then the isomorphism k — ^ defines a D^-structure on 

V in Rep(G), where Vq is as in Definition 4.1. Conversely, suppose that we are given a D^-structure on V that 
satisfies the hypothesis of the proposition. Then put Vb := V^''. □ 

Combining Proposition 3.10, Proposition 3.3, and Proposition 4.3, we obtain the following result. 

Theorem 4.4. Suppose that {k, D^) is hltered-linearly closed (see Definition 3. 7) and linearly D^-closed (see the 
comment following Definition 3.7). Then G is conjugate to a D^-constant subgroup in Gh{V) if and only if there 
is a (possibly, non-commuting) basis di, . . . ,dd in Dk over k such that, for alii, 1 ^ i ^ d, G is conjugate to a 
di-constant subgroup in Gh{V). 



k Vo = V 



g~^G{U)g C GL„(^^o), Uq := U^" . 
Example 4.2. Let k = kQ{t), Dk = k ■ dt, G C Ga be given by the linear equation 

dfu = 0, n G Ga, 
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Let / be a -field over k, Di := I D^. We have I (E)k Rep(G) = Rep(G;). Combining Proposition 3.12 
and Proposition 4.3, we obtain the following result. 

Proposition 4.5. Suppose that {k,DjS) is filtered-linearly closed and I is linearly Di-closed. Then the linear 
Di-group Gi is conjugate to a Di-constant subgroup in GL{Vi) if and only if there is a D^-structure on V in 
Rep(G). 

The following result is also proved in [33, Theorem 3.14] but just for the case of a differentially closed field 
with one derivation. 

Theorem 4.6. Suppose that {I, Di) is filtered-linearly closed and linearly Di-closed. Then the linear Di-group Gi 
is conjugate to a reductive constant subgroup in GL{Vi) if and only if the category Rep(G) is semisimple. 

Proof. We will use the following fact: given a field extension E C F, a. Hopf algebra A over E corresponds to 
a reductive linear algebraic group over E if and only if this holds for the extension of scalars Ap over F (see [9, 
Remarque 2.1.3(ii)]). 

Assume that Gi is conjugate to a reductive constant subgroup in GL{Vi). By the fact above, this implies that G 
is a reductive algebraic group over k (with the D^-structure forgotten). Since char A; = 0, we obtain that Rep(G) 
is semisimple (see [48, Chapter 2]). 

Now assume that Rep(G) is semisimple. Then there is a -connection on V as all exact sequences in 
Rep(G) are split. This induces a -connection on Vi in Rep(Gi). By Proposition 3.10, there is a L'i-structure 
on Vi in Rep(G/). By Proposition 4.3, Gi is conjugate to a constant subgroup in GL(V;). Hence, k[G] is a finitely 
generated algebra over k. Since Rep(G) is semisimple and char fc = 0, we obtain that G is reductive as an al- 
gebraic group over k. Again, by [9, Remarque 2. 1.3(ii)], this implies that Gi is conjugate to a reductive constant 
subgroup in GL(Vi). □ 

4.2 Examples 

First, we provide a non-trivial example to Proposition 3.10. 
Example 4.7. Let 

k:=Q{ti,t2) and Dk := k ■ dt, ® k ■ dt^. 

Let y be a 3-dimensional A;-vector space with a basis e := (61,62,63). Consider the -connection Vy on V 
given by 

Vv(e) := -dti e ■ Bi - dt2 ^ e ■ B2, 



where 



That is, we have 



Note that 



^0 il 0\ /O 

Bi := {0 , ^2 := ^ 
0/ Vo 



9u{e) = -e- Bi. 



^0 1^ 



dt^Bi - dt,B2 - [B2, Bi] = -^- e, where e := I | . (10) 

0; 

In particular, the D^-connection Vy on V is not a D^-structure on V. Further, consider the unipotent subgroup U 
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in GL{V) that consists of matrices of the following form (with respect to the basis e): 

g{ui,U2,v) := 




Let G be the linear Djt -subgroup in U given by the equations 

duuj = 0, i = l,2,j = l,2, 

OtiV = — -U2, dt^v = -—ui. 
Note that these equations are equivalent to the equations 

dt^g{ui,U2,v) + [g{ui,U2,v),Bi] =0, z = 1,2. 

This means that the action of G on 1/ commutes with the action of Dk (see also the discussion following Lemma 4.8), 
that is, Vy is a D^-connection on V as an object in Rep(G). 

Let us show that there is no -structure on V in Rep(G). Assume the converse. By (9) (see Section 3), this 
means that there exist Ci, C2 € EndciV) such that 

dt,Ai-dt,A2-[A2,Ai] = 0, Ai:= Bi + Ci, i = 1,2. (11) 

A calculation shows that we have an isomorphism (via choosing the basis e) 

EndG{V) = k-Mek-£. (12) 

Since 

[Bi,£]=0,i = l,2, 

we see that (10) and (12) imply that (11) holds if and only if there exist /i, /2 G such that 

-L + dtji - dtj2 = 0. (13) 

tlt2 

This impUes that the coefficient of t^^ with values in Q{t2) of the function 



vanishes. Therefore, we have 



^ + dt^ia-i) = 0, where /i = V'ajti, at G Q{t2). 

*2 

■t 

This gives a contradiction. Thus, we see that Proposition 3.10 is not true over an arbitrary field {k, Dk). 

Next, we describe two types of D^-subgroups in GL„(fc) that are not constant over k but are conjugate to 
constant subgroups in GL„(Z) over /, where / is a Picard-Vessiot extension of k. Let M be a finite-dimensional 
Dfc -module over k. 

Lemma 4.8. The group-valued functor 

GL^" (M) : DAlg(A;, D^) Sets, R ^ Aut^'^ {R 0k M) 
is represented by a linear D^-group. 

Proof. The corresponding finitely generated D^-Hopf algebra is the Hopf algebra of the algebraic group GL(M) 
over k with the D^-structure obtained by the localization over the determinant of the D^-structure on the symmetric 
algebra of the i:»fc-module Endfc(M) ^ 0^ M. □ 
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For an explicit description of GL^'=(Af), choose a basis e = (ei, . . . in M over k. Then GL(M) = 
GL„(A:). For each d € Dk, denote the corresponding connection (n x ?i)-matrix by Aq, that is, we have 

d{e) = -e • Ad. 

By definition, GL^''{M) consists of invertible (n x n)-matrices such that the corresponding gauge transformation 
preserves the connection matrices Aq for all d G Dk- Thus, GL^'' (M) is given by the differential equations 

dg+[g,A9]=0, geGK{k),deDk. 

Note that GL^'=(M) is a closed linear D^-subgroup in the linear -group GL(M) and M is faithful a Df^- 
representation of GL^''{M). A morphism of linear D^-groups 

GL^'=(M) 

corresponds to a D^-representation F of G such that y = M as D^-modules. 

It follows directly from the proof of Lemma 4.8 that the linear L'/^.-group GL^* (M) is constant if and only if 
the Dfe -module 

0fc M 

is trivial, because a submodule of a trivial D^-module is trivial and the determinant is a D^. -constant in Sym^(M^(8)fc 
M). Besides, if M is trivial, then GL^'' (M) is conjugate to a constant subgroup in GL(Af) (the converse is not 
true already for dim/j(M) = 1). 

Example 4.9. Consider the differential field 

k = Q{ti,t2), Dk:=k-dt^®k-dt^ 
and the D^-module M := 1 © L, where 

L = k - e, dt^ (e) = 0, dt^ (e) = e. 

Since the 1?^ -module 

®fc M ^ 1 © L © © 1 

is not trivial, the hnear -group 

G := GL^^M) C GL2(fc) 
is not constant and henceforth G is not conjugate to a constant subgroup in GL2(A:). Put 

di := hdtj , 82 := hdt^ + dt^ ■ 
Then [81,82] =0 and L is a trivial f?2 -module as 

52(tr'-e) =0. 

Therefore, M is a trivial 9j-module for i = 1,2. By Proposition 4.3, G is conjugate to a 3j-constant subgroup in 
GL2(fc) separately with respect to each i. This shows that Theorem 4.4 is not true for an arbitrary {k, DjS). 

The following type of non-constant groups will be used in Section 6 in order to construct non-trivial examples 
to Theorem 6.6. 

Lemma 4. 10. The group valued functor 

M^" : DAlg(A;, Dk) Sets, {R(E)k M)^'' 

is represented by a linear D^-group. 

Proof. The coiTcsponding finitely generated D^-Hopf algebra is the Hopf algebra of [M, +), that is, the symmetric 
algebra of , with the induced D^-structure (see also [40, Lemma 2.16]). □ 
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For an explicit description of A/ choose a basis in M over k. Then 

(M,+)-G^ 

for some n. For each d € Dk, denote the con^esponding connection (77, x n)-matrix by Ag. Then M^'' is given by 
the differential equations 

dy = A9-y, y^G^,deDk. 

Note that M^'' is a closed linear D^-subgroup in the linear D^-group M. One can show that a linear -group 
G is isomorphic to (G")'^ over some D^-field I over k if and only if G ^ M^" for some n-dimensional D^-module 
M over k (see also [3, Proposition 11]). 

Assume that Df^ = A; • 9 for a derivation d : k ^ k and kQ ^ k. Let m G M be a cyclic vector (see [40, 
Definition 2.8]). Let / D be a linear (9-operator with coefficients in k of the smallest order such that Dm = 0, 
which exists because M is finite-dimensional over k. Then 

is isomorphic to the D^-subgroup in Ga given by the equation 

Du = 0, u£ Ga, 
because they represent the same functor (see [40, Lemma 2.16]). 
Remark 4.11. 

(i) There is a faithful -representation Vm of M^'' defined as follows: as a L'fe-module, Vm is M © 1, and the 
action of M^'' is given by 

m : (n, c) 1-^ (n + c • m, c), 
where m G M^*^, n G M, and c £ k. We have an exact sequence of L)^ -representations of M^'' 

> M > Vm > 1 > 0, 

where M^* acts trivially on the -modules M and 1. 

(ii) One can show that there is a bijection between morphisms of linear D^-groups G — )• M^*^ and isomorphism 
classes of exact sequences of -representations of G 

y M y V > 1 > 0, 

where G acts trivially on the D^-modules M and 1. An argument shows that this implies that, for a linear 
Dfc-group G, the category Rep(G) is i:'^ -equivalent to Rep (Af^^) if and only if G = M^^. 

5. Gauss-Manin connection and parameterized differential Galois groups 

The main results of this section. Proposition 5.2 and Proposition 5.4, are used in Section 6.3 in order to construct 
non-trivial examples to Theorem 6.6. The constructions and results of this section seem to have also their own 
interest in the parameterized differential Galois theory. 

5.1 Gauss-Manin connection 

We define algebraically a Gauss-Manin connection, which is used to describe a parameterized differential Galois 
group of integrals in Section 5.2. For this, we use the Gauss-Manin connection on only, so that the reader may 
put i = 1 in what follows if desired. 

For any differential field {K,Dk), let W{K, Dk) denote the cohomology groups of the de Rham complex 

(see Section 2). That is, we have 

H\K,Dk) := Ker(^Q^ O^^) / Im (^17^^ A f^^) , i ^ 1, 
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and H'^{K, Dk) = K^'<. Recall that, for d G Dk, the Lie derivative is defined as follows (see [15, Section 3.10]): 

Lq = d o iQ -\- ig o d : Q^K ~^ 

where 

ig : Q.K ~^ ^^K^^ uj {ai-^ uj{d A a), a € A'^k^Dk} , i ^ 1 
and ig = for i = 0. In particular, 

Ld{a) = d{a) for any a ^ K. 

It follows from the definition that the Lie derivative commutes with d, acts as zero on H^{K, Dk), satisfies the 
Leibniz rule 

Lg{uj Ari) = Lg{u}) Ai] + u! A Lg{r]) 
for all u} G 0^, t] e fi]^, i, j ^ 0, and we have 

L[d,5] = [Ld, Ls] for all d,5 e Dk- 
Let now {K, Dk) be a parameterized differential field over {k, D^). We have the relative de Rham complex 
^K/k' where 

^K/k ■= D\ Ik- 
Vox short, put 

H\K/k) :=H\K,DK/k), O 0. 
Then H^{K/k) are A;-vector spaces, because the differential on ^K/k ^-linear. Moreover, there is a canonical 
Dfc-structure on H^{K/k), called a Gauss-Manin connection and constructed as follows. 

For d € -Dfc, let d G Dk be any lift oil® d with respect to the structure map Dk — )■ i8)fc -Dfc. One checks 
that the action of Lg on ^k preserves fi^. Since the kernel 

C := Ker (q'k ^ ^K/k) 

is generated by $7^ as an ideal in 0*^- with respect to the wedge product and Lg satisfies the Leibniz rule as 
mentioned above, we see that the action of Lg on preserves the subcomplex C. Therefore, Lg is well-defined 
on the quotient ^'k/).- Since -D^/fc acts as zero on W{K/k), we obtain a well-defined action of Dk on W{K/k). 
Finally, one checks that the corresponding map 

Dk ^ Endz {H\K/k)) 
is A;-linear, whence H^{K/k) is a L>fc -module. 

ExpUcitly, for any uo € ^K/k with duo = 0, we have 

d[io] = [Lg{oj)], (14) 
where u € is any lift of lo with respect to the map $7}^, — ^7^^^, and the brackets denote taking the class in 
H^{K/k). The preceding discussion shows that d[Lo] is well-defined. 
Example 5.1. 

(i) We have H^{K/k) = K^K/k = ]^ ^jt^ the usual I^fc-structure. 

(ii) Suppose that -D^/fc = K • dx- Then 

VLK/k = ^\:/k = K -ujx with ujx{dx) = 1, da = dx{a) ■ ujx 
for any a ^ K, and ^^K/k ~ ^ ^ ^ ^' Hence, there is an isomorphism 

K/{dxK) ^ H\K/k), [a] ^ [a ■ c^J, 
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where a € K. Under the above isomorphism, the Gauss-Manin connection on H^{K/k) corresponds to the 
Dfc-structure on K/ (dxK) given by 

d[a] = [d{a)], deDk, 

where, as above, d G Dk is any lift of 1 (S> d with respect to the structure map Dk K D^. 

(iii) Suppose in addition to (ii) that K = k{x) and dx{x) = 1. Then, for any class in K/ (dxK), there is a unique 
representative of the form 

— - — , bi,Ci ek, bi^ 0. 



Since 



d 



bi 



E 



1=1 



" 8h 



E 



. X Ci 

,1=1 



we obtain isomorphisms of -modules 



®k^K/{dxK)^H\K/k). 

5.2 PPV extensions defined by integrals 

As above, let {K, Dk) be a parameterized differential field over {k, DjS). Given an element w G ^K/k with duj = 0, 
the equation dy = a; corresponds to a consistent system of (non-homogenous) linear differential equations in the 
unknown y 

6{y)=uj{S), SeDK/k- 

Note that Lemma 4.10 remains valid if one assumes that M is a Dfc-finitely generated module over k instead of 
being finite-dimensional over k. We use this generality in the following statement. Its special case appears in [46, 
Lemma 2.3]. 

Proposition 5.2. Let L be a PPV extension of K for the system of linear differential equations that corresponds 
to the equation dy = uj, where uj € VLr with doj = (see above). Let M be the Dk-submodule in H^{K/k) 
generated by [w] (see Section 5. 1 ). Then there is an isomorphism of linear D^-groups (see Lemma 4.10 and the 
remark preceding the proposition) 

Proof. The proof is in the spirit of the Kummer and Artin-Schi^eier theories, for example, see [27, Chapter VI,§8]. 
Let i? be a D/j-algebra. The natural map 

a:R®k H^{K/k) R H\L/k) 

is a morphism of D^-modules. Since L contains a solution of the equation dy = uj, we have Q;([a;]) = 0. Therefore, 

for any r] ^ Rcg)^ ^K/k with drj = and [rj] G R(E)k M, we have 

= 0. 

Thus, the equation dy = rj has a solution in R L. Let f rj G R L denote any of these solutions. For each 
g e Gal^^(L/A')(i?), consider the map 

^g:R(^kM^R, [r^] ^ g{f r,) - f T]. 

One checks that ipgdr]]) is well-defined, that is, does not depend on the choices of t] and f 77 for a given [77], and 
belongs to 

R=iR®k L)^'</K 
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Further, 

that is, (j)g is a Dfc-map: for any d € Dfc and its hft d G D^, we have 

9(<A5(W)) =5(5(/r?)) -a(/r?) =5(5(/7?)) =g(/L^77) -/M = 'A,(%]), 

because the restriction of d from R (S)k L to R is d, g commutes with d, d commutes with Lg, and by (14) (see 
Section 5.1). Also, for all g,he Gal^'" {L/K){R), we have 

hgif r}) - h{J T]) = g{f v) - I r], 

as the right-hand side belongs to R and is Galois invariant. Therefore, 

(f>hg = 4>h + 4>g- 

Summing up, we obtain a moiphism of linear L'fc-groups 

(j) : Gal^^ (L/K) ^ (M^)^^ 

Since L is D/^-generated over K by / lo, we see that (j) is injective. Suppose that (f) is not surjective. Then there is 
a non-zero element [q] G M such that, for any -algebra R over k and any g G Gal^'^ {L/K){R), we have 

Miv]) = 0. 

Equivalently, for any g G Gal^'-^' {L/K){R), we have 

whence J rj G K and [r/] = in H^{K/k), which is a contradiction. Thus, (j) is an isomorphism. □ 

The fact that the parameterized differential Galois group in Proposition 5.2 does not depend of the PPV exten- 
sion corresponds directly to Remark 4.11(ii). 

Example 5.3. 

(i) Assume that Dj^ = k ■ dt- Let 7^ be a linear ^(-operator with coefficients in k of the smallest order such 
that 

D[u\ = in H\K/k). 

If there is no non-zero D with D[lo] = 0, then we put D := 0. Proposition 5.2 and the discussion following 
Lemma 4.10 imply that Gal(L/i^) is isomorphic to the D^-subgroup in Ga given by the equation 

Du = 0, n G Ga- 

(ii) We use the notation of Example 5.1 (iii). By Proposition 5.2, the parameterized differential Galois group of 
the equation dy = u: with 

cj = — Ux, bi,Ci £ k, bi 0, 

x-a 

1=1 

is isomorphic to (G")*^. This is also explained in [5, Example 7.1]. 

Surprisingly, the description of the parameterized differential Galois group given in Proposition 5.2 allows to 
prove the existence of a PPV extension. For simplicity, suppose that Dj^ = k ■ dt and let D be as in Example 5.3(i). 
Let dt G Dk be a lift oil® dt with respect to the structure map Dk K ®k Dk and let a linear Z)/< -operator D 
be the corresponding lift of D. Since D[lo] = 0, there is a G K such that 

L^{uj) = da (15) 
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by (14) and the preceding discussion (see Section 5.1). An equation similar to (15) was considered in [46] and [7]. 
Consider the -algebra 

R := K{y}/ (dy -u;,Dy-a) , (16) 
\ / Dk 

where (S)da' denotes the L'A-differential ideal generated by S, and dy — lo means the collection 

6{y)-uj{6), 5eDK/k. 

Note that R is isomorphic as a E'-algebra to the ring of polynomials over K (possibly, of countably many variables). 
In particular, ii is a domain. 

Proposition 5.4. In the above notation, the field L := Frac(i?) is a PPV extension ofK for the equation dy = uo. 

Proof. Let / be a D^-field over k and suppose that the proposition is true for the parameterized field 

Ki := Frac(/ (g)fc K) 

over I (see [15, Section 8.2] for the extension of -D^/fe -constants in parameterized differential fields). That is, 
suppose that 

Li := Frac(/ ®k R) 

is a PPV extension of Ki for the equation dy = oj. Therefore, ll^^'^ = I. On the other hand, by [15, Corollary 
8.9], we have that 

whence L^'^/'^ = k and we obtain the needed result for L. Thus, we may assume that {k,Dj^) is differentially 
closed. 

Now suppose that the proposition is true for a and let a' G K be another element such that 

Lj^{(jj) = da'. 

Then a' = a + b with b £ k. Since {k, 0^) is differentially closed, there is c E A; such that Dc = h. This defines an 
isomorphism 

R^ K{y}/idy - uj.by - a] , y ^ y - c. 

Thus, it is enough to show that there is at least one a £ K with Ljj{uj) = da such that the proposition is true for a. 

Again, since (A;, Dk) is differentially closed, there is a PPV extension E of K for the equation dy = ojhy [5, 
Theorem 3.5(1)]. Let z € be a solution of the latter equation. Consider the subring S in E that is D/^-generated 
by z. We have that 

Lj^{u) = d{bz). 

Since E^'<'^ = k, we see that Dz € K. Put 

a := Dz. 

Then we obtain a surjective Dx-morphism f : R ^ S sending y to z. 

By Proposition 5.2 and Example 5.3(i), Gal^^^'(£'/i^) is isomorphic to the D^-subgroup in given by the 
equation 

Du = 0, U G Ga- 
it follows from the proof of Proposition 5.2 that the action of Gal^^ (E/K) on E is given by the formula 

u : z 1-^ z + u. 
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Let G be the extension of scalars from A; to K of Gal^^'^ {E / K) as a (pro-)algebraic group over k. It follows from 
the PPV theory that Spec(5) is a torsor under G over K (see [5, Section 9.4]). By the explicit description of R, 
Spec(i?) is also a torsor under G and / corresponds to a closed embedding Spec(5) — )• Spec(ii) of G-torsors. We 
conclude that / is an isomorphism, which proves the proposition for the above choice of a. □ 

6. Isomonodromic differential equations 

In this section, we show how Proposition 3.10 can be applied to isomonodromic parameterized linear differential 
equations. The main results here are in Theorem 6.3 and Theorem 6.6. Section 6.2 provides an analytic interpreta- 
tion of our results. The main illustrating examples are in Section 6.3 (see also Example 6.5). 

6.1 Main results 

Let {K,Dk) be a parameterized differential field over {k,Dk) and be a finite-dimensional Z)^/,fc-module 
over K. 

Definition 6.1. We say that N is isomonodromic if there is a Dx-structure on N such that its restriction from 
Dk to -Da'/Zc is equal to the initial Z)j^/^.-structure on N. 

This is called complete integrabihty in [5, Definition 3.8], but we preferred to use the terminology shghdy more 
common in differential equations for this notion (see also Section 6.2). 

Proposition 6.2. A finite-dimensional Dj^/ /^-module N is isomonodromic if and only if there is a Dk-structure 
on N in DlMod {K, Dj^/k) ■ 

Proof. We use facts about the Atiyah functor At^ in DMod (^K, D^jk) that can be found in [15, Section 5. 1]. We 
have the equality of sets (see [15, equation (17)]) 

\ i i 

(we are not specifying i^T-linear and Dk structures on At^(A^) here). Further, 

where At\ denotes the Atiyah functor in Vect(K). Assume that there is a D^-structure sn : N At^(A^) on N 
in DMod (K, Dj^/^y Since the forgetful functor 

DMod {K,DK/k) Vect(Er) 
is differential (see [15, Theorem 5.1]), the composition 

N At\N) > At]^{N) 

defines a Z^/^-structure on N that extends the given D^/fc "Structure. Conversely, assume that N is isomonodromic. 
Since the D/^-structure extends the given Z?/</fc-structure, we see that the map N — > At]^(A^) factors through 
At^(A^) by the construction of At^, which gives the needed splitting s^. □ 

For each d G D^., we have a parameterized differential field {K,Dkq) over {k,Dk) with D^^d being the 
preimage of K d with respect to the structure map Dk K D^. By definition, a finite-dimensional 
L'^^'/^.-module is 5-isomonodromic if and only if it is isomonodromic over {K,DK,d)- By Proposition 6.2, 
this is equivalent to the existence of a (9-structure on N in DMod(K, DK/k)- Note that we have a morphism 
of differential fields {k, Dk) {K, Dk) (while there is a no a fixed D^-field structure on K) and the forgetful 
functor DMod(K, DK/k) — ^ Vect(K) is a faithful differential functor (see [15, Theorem 5. 1]). Thus, combining 
Proposition 3.10, Proposition 3.3, and Proposition 6.2, we obtain the following result. 



21 



Sergey Gorchinskiy and Alexey Ovchinnikov 

Theorem 6.3. Suppose that {k, D^) is filtered-linearly closed. Then N is isomonodromic if and only if there is a 
(possibly, non-commuting) basis di, . . . , dd in over k such that N is di-isomonodromic for all i. 

It seems hard to prove Theorem 6.3 only in terms of D^^^/j^.-modules instead of D^-categories. The latter allows 
one to work purely with the field k instead of K and use its differential properties. This is the advantage of our 
approach. 

Remark 6.4. Let us explain Theorem 6.3 more explicitly in the case mentioned in the introduction: (imiK{Dx/k) = 
1 and dimfc(Dfc) = d. All matrices below have entries from a field K of functions in the variables x,ti, . . . ,td. 
Assume that the subfield k C K of function in ti, . . . , has the following property: all linear differential equations 
that involve , . . . , (9^. , 1 ^ i ^ d — 1, have a fundamental solution matrix with entries from k. Let A be a matrix 
with entries from K. Suppose that there are matrices Bi, . . . , that satisfy 

duA-d,Bi = [Bi,A]. (17) 

Then Theorem 6.3 asserts the existence of matrices Ai, . . . ,Ad such that 

dt,A-d^Ai = [A,A] (18) 

and, for alH, j, 1 ^ j ^ d, we have 

dt,Aj-dt^A = [Ai,Aj]. (19) 

Example 6.5. We will see that, in general, the Ai's in the above have to be different from the original Bi's. Let 
d ^ 2 and (n x n)-matrices A, Ai, . . . A^ with entries in K as above satisfy all the integrability conditions (18) 
and (19). Define 

Bi ■.= Ai, ...,Bd^i ■.= Ad^i, Bd := Ad + diag{ti), 
where diag(ii) denotes the diagonal (n x n)-matrix with ti on the diagonal. Then the new set of matrices 
A, Bi, . . . , Bd will still satisfy (17) but will not satisfy the integrability condition for the pair of derivations dt^ 
and at,. 

Let Z// be a Dfc-closure of k, Ku := Frac(ZY ®kK). By [15, Proposition 8.11], we have 

U ®k DMod(K, DK/k) = ^yVod{Ku, Dk^/u) 

Below, we extend [5, Proposition 3.9(1)] to the case when {k,Dk) is not necessarily differentially closed, which 
we also prove categorically. 

Theorem 6.6. In the above notation let L be a PPV extension for Nki^ (which exists by [5, Theorem 3.5(1 )]), 

V := and let GaP^ {L/Ku) C GL(F) be the parameterized differential Galois group of L over Ku. Sup- 

pose that {k, Dk) is filtered-linearly closed. Then N is isomonodromic if and only if Gal^^ {L/Kk) is conjugate 
to a constant subgroup in Gh{V). 

Proof. Let C be the subcategory in Y)'Niod{Ki4 , D / u) that is D^-tensor generated by Nk^^ (see [15, Defini- 
tion 4.19]). Recall that L defines a D^-fiber functor 

oj-.C^ Yect{U) 

such that uj{Nkjj) = V and Gal^'^ (L/Kk) is the associated Dfc -group (see [15, Theorem 5.5]). More precisely, 
there is an equivalence of Dfc-categories 

sending Nk^^ to V. Thus, combining Proposition 6.2, Proposition 3.12, and Proposition 4.3, we obtain the required 
result. □ 
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6.2 Analytic interpretation 

We will now explain in more detail the relation between the analytic notion of isomonodromicity and Definition 6. 1 . 
Let f : X ^ Shea holomorphic submersion between connected complex analytic manifolds with connected fibers 
such that / is topologically locally trivial. Let Ebe a. holomorphic vector bundle on X and Vx/s be a relative flat 
holomorphic connection on E over S (that is, the connection Vx/s is defined only along vector fields on X that 
are tangent to the fibers of /). For a subset S C 5, put 

x^:=rH^)- 

In particular, Xs denotes the fiber of / at a point s £ S. 

Let U he a sufficiently small open neighborhood of a point s G 5 such that there is a smooth isomorphism 

(j) : U X Xs ^ Xu 

whose restriction to {s} x Xs coincides with the embedding Xg ^ Xu. This gives a collection of smooth isomor- 
phisms 

(j)st ■ Xs — y Xt, 

where t £ U, and a section a : U ^ Xjj- Also, choose a trivialization 

: C" X [/ ^ a*E. 

Then the connection Vx/s defines a family of relative monodromy representations pt, t G U, as the composition 

TTi {Xs,a{s)) 7ri(Xt,a(t)) > GLn{{a*E)t) GL„((a*^),) GL„(C). 

The isomorphism classes of the representations pt do not depend on the choices of (/) and ^. 

We say that {E, Vx/s) is analytically isomonodromic if the isomorphism classes of the relative monodromy 
representations ps are locally constant over S (for example, see [41, Section 1]). It is shown in [41, Proof of 1.2(1), 
first step] that {E,Vx/s) is analytically isomonodromic if and only if, for any point s S 5, there is an open 
neighborhood s G ?7 C 5 such that Vx/s extends to a flat holomorphic connection on E over Xu (see also [45, 
Theorem A.5.2.3] for the case of one-dimensional fibers). This is a version of Definition 6. 1 in the analytic context. 

Let us give an analytic interpretation of Theorem 6.3. By definition, {E, Vx/s) is analytically isomonodromic 
along a holomorphic vector field ?; on 5 if and only if the relative monodromy representations are locally constant 
along (local) holomorphic curves on 5 that are tangent to v. Thus, {E, Vx/s) is analytically isomonodromic if and 
only if it is analytically isomonodromic along (i transversal vector fields on 5, where d := dim(S'). Combining this 
with the property of analytic isomonodromicity discussed above, we obtain an analytic proof of following weaker 
version of Theorem 6.3: 

Let k (respectively, Dk) be the field of meromorphic functions (respectively, the space of meromorphic vector 
fields) on S. Analogously, define K and Dk for X in place of S. Assume that a finite-dimensional D^/^j-module 

satisfies the partial isomonodromicity condition from Theorem 6.3. Then there is a point s £ S such that 
N is isomonodromic over the parameterized differential field Ks over ks, where kg is the field of meromorphic 
functions on open neighborhoods of s in S* and Ks is the field of meromorphic functions on open subsets in X 
whose intersection with Xs is dense in Xs- 

In general, one cannot replace Ks by the field of meromorphic functions along all Xs- However, the results 
from [19, 20] allow to similarly treat the latter case when the fibers of / are complex projective lines with finite sets 
of points removed. Finally, the need of replacing k by ks reflects the requirement for {k, Dk) to be filtered-linearly 
closed in Theorem 6.3. 
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6.3 Examples 

First, we provide a non-trivial example to Theorem 6.3 showing that its statement is not true for an arbitrary field 
{k, Dk). Namely, in the notation Example 4.7, we construct a parameterized field K over the field {k, Dk) and a 
PPV extension K C L such that Ga\^ (L/K) = G and the solution space con^esponds to the representation V. 
We are very grateful to M. Singer, who suggested a general method for constructing PPV extensions with a given 
parameterized differential Galois group to us. 

Example 6.7. The following example is based on iterated integrals. Let k := Q{ti , ^2) and Dk := k-dt^®k- dt2 ■ 
Let 

F := k(^dl,d{ld{'Jm), i,ji,j2 ^ 0, m = 1,2, 

be the field of {dx, dtj , }-rational functions in the differential indeterminates Ii and I2 over k. Put 

Df ■.= F-dx®F-dt,®F-dt„ 

and do the analogous for the other fields that appear in what follows. Then {F, Dp) is a. parameterized differential 
field over {k, DfS). Let L be a PPV extension of F for the equation 

dx{y) = dxh ■ h (20) 

and let / G L be a solution of this equation (for example, see Proposition 5.4 for the existence of L). A calculation 
shows that there are no elements a ^ F and linear -operators D with coefficients in k such that 

dx{a) = D{dxh-l2)- 

By Proposition 5.2, we see that 

Gal^^(L/F) ^ Ga 

and, therefore, the elements d^I € L,i ^ 0, are algebraically independent over F. Let 

K CL 

be the {dx , dt^ , }-subfield generated by 

dxim, dt^Im, dt^Im, m = 1,2, 

1 1 

Ji := dtj - dtji ■ h - —h, J2 ■■= dtj - dtji ■ h + —h- 

ti t2 

Since / satisfies (20) and Ji , J2 € K, for all {i, ji , j^) / (0, 0, 0), we have 

dldildil{I)^K{h). 

Therefore, 

L = K{h,h,I). 

One can show that Ii,l2,I are algebraically independent over K using a characteristic set argument with respect 
to any orderly ranking of the derivatives with I > Ii > I2 [24, Sections 1.8-10]. Put 

fr.= dxlieK, i = i,2 

and consider the equation 



dx{y) = A9^-y, y:=\yi,y2,y3), Aq^ ■= { ^ , (21) 
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Then 

$ := 

is the fundamental matrix for the equation (21), that is, / is the iterated integral (/i • . Hence L is a PPV 
extension of K for the equation (21). 

In what follows, U and G aie as in Example 4.7. We see that Gal^^ (L/K) is a linear -subgroup in U, 
where U acts on ^ by multiplication on the right. Explicitly, we have 

g{ui,U2,v){Ii) = Ii + Ui, g{ui,U2,v){I) = / + /1U2 + v. 

A calculation shows that K C L^. By a dimension argument, we conclude that Gsd^'^ (L/K) = G. By Exam- 
ple 4.7, the equation (21) is not isomonodromic. On the other hand, this equation is (9t.-isomonodromic, i = 1, 2 
with the corresponding matrices given by 



where 



Bi := <^ ■ B, ■ + du<^ ■ i = l,2, 



Bi:= [O , B: 





More explicitly, 

/O ^ + dtji Ji 
Bi:= [0 dtj2 I , B2 

yo 

Thus, we see that Theorem 6.3 is not true for an arbitrary field {k, D}S). 




The purpose of the rest of the section is to show that, in Theorem 6.6, one really needs to take the extension 
of scalars from k toU in order to obtain conjugacy to a constant group. Namely, we construct examples of an 
isomonodromic D^^/j^ "Module N such that there are PPV extensions of K for N, but, for any PPV extension L, 
the parameterized differential Galois group Gsl^'^ {L/K) is not a constant group and, thus, Gal^^'(L/A') is not 
conjugate to a constant subgroup in GL„(A;). 

The idea of the examples is as follows. We construct a parameterized differential field {K, Dk) over {k, Dk) 
and oj € ^K/k with dw = such that the D^-submodule 

M C H\K/k) 

generated by [uo] is finite-dimensional over k and is not trivial as a D^-module. By Propositions 5.2 and 5.4, there 
are PPV extensions of K for the equation dy = lo and any of them has the parameterized differential Galois group 

isomorphic to {M'^)^''. Since Rep ^(M^)^*'^ is -equivalent to a Dfc-subcategory in TUsAod (^K, Dx/k)> 

the (faithful) -representation V^/v of (M^)^'' (see Remark 4.1 l(i)) corresponds to an isomonodromic Dj^^.- 
module (see Proposition 6.2). 

Let us give an explicit description. Suppose that 

Dk = k- dt, DK = K-d^^(BK- dt, and [8^, Ot] = 0. 
Let ojx € ^K/k be such that u}x{dx) = 1- Then uj = b ■ ujx with b G K. Suppose that there exists a non-zero monic 
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linear 9r operator D as in Example 5.3(i). Explicitly, 



n-l 



i=0 



is of the smallest order such that there is a G K with D{b) = dx{a) (see Example 5.1(ii)). One can show that the 
differential module N defined above corresponds to the following system of linear differential equations: 

/ ... \ 



dx{y) = Aq^ -y, y:= \yo, yn), Aq^ :-- 



b . 

dt{b) . 

\drHb) . 






/ 



By Proposition 5.4, there is a PPV extension L of K for N and L = K{z, dt{z), . . .), where dxiz) = b. By 
Proposition 5.2 and its proof combined with Example 5.3(i), the morphism of linear D^-groups 

GaP^(L/K) ^Ga, g^g{z)-z 

induces an isomorphism 

Gal-°^'(L/A') {u £ Ga \ Du = 0} c Ga. 
The f?^-module is isomonodromic with 

/O ... \ 



1 







... 1 

\a Co ci ... c„_i/ 

Now we give concrete examples with k = Q{t) and K being a generated by functions in t and x. We construct 
b £ K such that there exists a linear c^roperator D as above and the equation Du = in n is non-trivial over i 



Example 6.8. This examples comes from the algebraic independence of the derivatives of the incomplete Gamma- 
function (see [21]). Put 

E :=Q{t,x,logx,x^-^e-''), De := E ■ ® E ■ dt. 
By Proposition 5.4, there is a PPV extension L of E for the equation 

dx{y) = x'-^e-\ {11) 

As noted in [5, Example 7.2], by [21], there is an isomorphism 

Let 7 € A' be a solution of (22) and put 

K := E{dt{7) - 7, 9,2(7) - dtij), . . .) C L. 
Since Gal^^ {L/E) = Ga, the parameterized Galois theory implies that j ^ K. The element 

b ■= x*"^e~^ G K 

satisfies 

D{b) = dx{a), D:=dt-l, a := dt{l) - G K. 

The operator D is of the smallest order, because b ^ dx{K) as 7 ^ iT. Note that K is of infinite transcendence 
degree over Q{t, x), because GaP^(K/E) ^ Ga- 
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Example 6.9. This example comes from the Gauss-Manin connection for the Legendre family of elliptic curves. 
Namely, put K := x, z), where = x{x — l){x — t). Then the element 

z 

satisfies 

D{h) = dM, D:=-2t{t-l)dl-{At-2)dt-\, a := G K. 

The operator D is of the smallest order (for example, this follows from a monodromy argument, see [8, Sec- 
tion 2.10]). 
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